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EFFECTIVE IMPEDANCE OVER ORDERED FIELDS
ANNA MURANOVA
ABSTRACT. In this paper we study properties of effective impedance of finite
electrical networks and calculate the effective impedance of a finite ladder net-
work over an ordered field. Moreover, we consider two particular examples of
infinite ladder networks (Feynman’s network or LC-network and CL-network,
both with zero on infinity) as networks over the ordered Levi-Civita field R. We
show, that effective impedances of finite LC-networks converge to the limit in
order topology of R, but the effective impedances of finite CL-networks do not
converge in the same topology.
Keywords: weighted graphs, electrical network, ladder network, effective impedance, Laplace
operator, ordered field, non-Archimedean field, Levi-Civita field.
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1. INTRODUCTION
It is known that electrical networks with resistances are related to weighted
graphs (see e.g. [4], [10], [13]). Moreover, it is shown in [8] and [10], that ef-
fective resistance for finite networks satisfies the basic physical properties (e.g.
parallel and series laws). In [4] and [8] the notion of effective resistance for infinite
network is introduced. An effective resistance is tightly related to random walk and
Dirichlet problem on graphs, which are described in many papers and books (e. g.
[1], [7], [14],[13]). In [11] a finite electrical network with alternating current and
passive elements is considered as a generalization of electrical network with resis-
tances. It is shown there, that such a network is related to weighted graphs over
non-Archimedean ordered field of rational functions R(λ ). The generalization of
effective resistance for this case is called effective impedance. The inverse of effec-
tive impedance is called effective admittance. The most known in physics infinite
network with passive elements is Feynman’s ladder network (LC-network, see [6]).
In [15] the effective impedances of LC-network and CL-network are considered as
limits of complex-valued effective impedances of corresponding sequences of fi-
nite networks.
The present paper consists of two parts. In the first part we describe some prop-
erties of electrical network over an ordered field. The main result of this part is
Theorem 4, which gives the mathematical description of well-known in physics
star-mesh transform. The mathematical conceptions of parallel and series laws, as
well as ∆−Y and Y −∆ transform, follow from Theorem 4 as corollaries.
In the second part of the present paper we discuss the question whether one can
generalize the notion of effective resistance for infinite networks with zero on in-
finity (see e.g. [8]) for the case of non-Archimedean weighted graphs. The main
This research was supported by IRTG 2235 Bielefeld-Seoul “Searching for the regular in the
irregular: Analysis of singular and random systems”.
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theorem of this section is Theorem 15. It shows, that a sequence of effective ad-
mittances of finite networks, exhausted a given infinite network, decreases. Unfor-
tunately, it does not give a convergence over non-Archimedean field. As examples,
we consider LC-network and CL-network (with zero on infinity) as electrical net-
works over ordered Levi-Civita field R, which contains a subfield isomorphic to
R(λ ) (see [2], [9]). Firstly, we present the general calculation of admittance of a
finite ladder network (see Figure 7) over an ordered field. Then the closeness of the
Levi-Civita field in order topology ([2], [12]) gives us an opportunity to arise the
question whether effective admittance of infinite network could be defined as limit
of effective admittances of corresponding finite electrical networks in this case.
We show, that in case of the LC-network the sequence of effective admittances
of finite networks converge in ordered topology of the Levi-Civita field (Theorem
20). Moreover, we show, that admittances of finite CL-network do not converge
in the same topology (Example 23). This shows, that in general it is not possible
to generalize the notion of effective resistance for infinite networks for the case of
non-Archimedean weights.
2. PROPERTIES OF EFFECTIVE IMPEDANCE OF THE FINITE NETWORK OVER
ORDERED FIELD
Definition 1. A network over an ordered field (K,≻) is a structure
Γ = (V,ρ ,a0,B),
where
• (V,E) is a locally finite connected graph (|V | ≥ 2),
• ρ : E → K is a positive function called admittance,
• a0 ∈V is a fixed vertex,
• B= {a1, . . . ,a|B|} ∈V \{a0} is a fixed non-empty subset of vertices.
Let us denote by B0 = B∪ {a0} the set of boundary vertices and by z = 1ρ the
positive function of impedance.
The network is called finite if |V |< ∞. Otherwise, it is called infinite.
Note that we can consider ρ as a function from V ×V to K by setting ρxy = 0,
if xy is not an edge. Then the weight ρxy gives rise to a function on vertices as
follows:
(1) ρ(x) = ∑
y
ρxy,
where the notation ∑
y
means ∑
y∈V
. Then ρ(x) is called the weight of a vertex x. We
have 0< ρ(x)< ∞ for any vertex x of a network .
Let us consider the following Dirichlet problem on the given finite network Γ =
(V,ρ ,a0,B):
(2)


∆ρv(x) = 0 on V \B0,
v(x) = 0 on B,
v(a0) = 1,
where ∆ρv(x) = ∑y(v(y)− v(x))ρxy.
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The physical meaning of Dirichlet problem is the following: if we take K =
R(λ ) and admittance of each edge in the form
ρxy =
λ
Lxyλ 2+Rxyλ +Dxy
, Lxy,Rxy,Dxy ≥ 0 and Lxy+Rxy+Dxy 6= 0,
then the real voltage at the vertex x at time t will be equal to ℜ(v(x)eiωt), assuming
that we keep potential 1 at the vertex a0, ground all the vertices from B and apply
alternating current of frequency ω =−iλ to the network (see [11]).
Note that if |V | = n, then the Dirichlet problem (2) is a n× n system of linear
equations over the field K. It can be also written in a matrix form (note, that here
we already have substituted v(a0) = 1,v(ai) = 0, i= 1, |B| in the first (n−|B|−1)
equations):
(3)


Avˆ= b,
v(a0) = 1,
v(ai) = 0, i= 1,k,
where k= |B|, A is a symmetric matrix (A= AT ), vˆ,b are vector-columns of length
(n− k−1):
A=


∑x∼x1 ρxx1 −ρx1x2 . . . −ρx1xn−k−1
−ρx1x2 ∑x∼x2 ρxx2 . . . −ρx2xn−k−1
. . .
−ρx1xn−k−1 −ρx2xn−k−1 . . . ∑x∼xn−k−1 ρxxn−k−1

 ,
b= (ρa0x1 ,ρa0x2 , . . . ,ρa0xn−k−1)
T
,
vˆ= (v(x1),v(x2), . . . ,v(xn−k−1))T .
In [11] it is proved, that the Dirichlet problem (2) has a unique solution for any
finite network over an ordered field.
Definition 2. We define effective impedance of the finite network Γ as
Ze f f (Γ) =
1
∑x:x∼a0(1− v(x))ρxa0
,
where v is the solution of the Dirichlet problem (2).
The effective admittance is defined by
Pe f f (Γ) = ∑
x:x∼a0
(1− v(x))ρxa0 .
Lemma 3. For the solution v of the Dirichlet problem (2) we have
(4) Pe f f (Γ) =
|B|
∑
i=1
∑
x:x∼ai
v(x)ρxai =
|B|
∑
i=1
∆ρv(ai) =−∆ρv(a0) = 1
2
∑
x∼y
x,y∈V
(∇xyv)
2ρxy,
where ∇xyv= v(y)− v(x).
The proof of this result follows the same outline as the proof of the similar result
in [11].
Theorem 4. (Star-mesh transform) Let Γ= (V,ρ ,a0,B) be a finite network, |V |=
n, B0 = B∪{a0}, and x1, . . . ,xm ∈V, 3≤m≤ n, are such that
(1) x1 6∈ B0,
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(2) y 6∼ x1 for all y ∈V \{x2, . . . ,xm},
If one removes the vertex x1, edges (x1,xi), i = 2,m and change the admittances of
the edges (xi,x j), i, j = 2,m, i 6= j as follows:
(5) ρ ′xix j = ρxix j +
ρx1xiρx1x j
ρ(x1)
,
not changing the other admittances, then for the new network the solution of the
Dirichlet problem (2) for all the vertices will be the same as the solution of the
Dirichlet problem (2) on the original network at corresponding vertices.
x1x9
x2
x3
x4
x5
x6
x7
x8
x9
x2
x3
x4
x5
x6
x7
x8
FIGURE 1. Star-mesh transform for m= 9
Proof. Let us consider the Dirichlet problem for the network Γ in a matrix form
(3). Obviously, it is enough to solve the matrix equation Avˆ = b. Without loss of
generality we can assume that x1, . . . ,xl 6∈ B0, where l = m− |{x1, . . . ,xm}∩B0|.
Writing equations for x1, . . . ,xl as the first ones and denoting k = |B|, we have
A=


ρ(x1) −ρx1x2 . . . −ρx1xl 0 . . . 0
−ρx1x2 ρ(x2) . . . −ρx2xl −ρx2xm+1 . . . −ρx2xn−k−1
. . . . . . . . . . . . . . . . . . . . .
−ρx1xl −ρx2xl . . . ρ(xl) −ρxlxm+1 . . . −ρxlxn−k−1
0 −ρx2xm+1 . . . −ρxlxm+1 ρ(xm+1) . . . −ρxm+1xn−k−1
. . . . . . . . . . . . . . . . . . . . .
0 −ρx2xn−k−1 . . . −ρxlxn−k−1 −ρxm+1xn−k−1 . . . ρ(xn−k−1)


,
since y 6∼ x1 for all y ∈V \{x2, . . . ,xm}, and
b= (ρa0x1 ,ρa0x2 , . . . ,ρa0xl ,ρa0xm+1 , . . . ,ρa0xn−k−1)
T
,
Now it is easy to calculate, that the star-mesh transform is just applying of Gauss-
ian elimination method for the first row. Indeed, applying Gaussian elimination
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method for the first row of the augmented matrix A¯= [A|b] we obtain:

1 − ρx1x2ρ(x1) . . . −
ρx1xl
ρ(x1)
0 . . . 0
ρa0x1
ρ(x1)
0 ρ∗(x2) . . . −ρ ′x2xl −ρx2xm+1 . . . −ρx2xn−k−1 ρ∗a0x2
. . . . . . . . . . . . . . . . . . . . . . . .
0 −ρ ′x2xl . . . ρ∗(xl) −ρxlxm+1 . . . −ρxlxn−k−1 ρ∗a0xl
0 −ρx2xm+1 . . . −ρxlxm+1 ρ(xm+1) . . . −ρxm+1xn−k−1 ρa0xm+1
. . . . . . . . . . . . . . . . . . . . . . . .
0 −ρx2xn−k−1 . . . −ρxlxn−k−1 −ρxm+1xn−k−1 . . . ρ(xn−k−1) ρa0xn−k−1


since ρ(x1) 6= 0, where
ρ∗(xi) = ρ(xi)−
ρ2x1xi
ρ(x1)
and ρ∗a0xi = ρa0xi +
ρx1xiρa0x1
ρ(x1)
for all i= 2, l.
Note, that for all i= 2, l
ρ ′(xi) =ρ(xi)−ρx1xi −
m
∑
j=2
j 6=i
ρxix j +
m
∑
j=2
j 6=i
ρ ′xix j
=ρ(xi)−ρx1xi −
m
∑
j=2
j 6=i
ρxix j +
m
∑
j=2
j 6=i
(
ρxix j +
ρx1xiρx1x j
ρ(x1)
)
=ρ(xi)−ρx1xi +
m
∑
j=2
j 6=i
ρx1xiρx1x j
ρ(x1)
=ρ(xi)−ρx1xi +
ρx1xi
ρ(x1)
m
∑
j=2
j 6=i
ρx1x j
=ρ(xi)−ρx1xi +
ρx1xi
ρ(x1)
m
∑
j=2
ρx1x j −
ρx1xi
ρ(x1)
ρx1xi
=ρ(xi)−ρx1xi +
ρx1xi
ρ(x1)
ρ(x1)−
ρ2x1xi
ρ(x1)
=ρ(xi)−
ρ2x1xi
ρ(x1)
= ρ∗(xi)
and
ρ∗a0xi = ρa0xi +
ρx1xiρa0x1
ρ(x1)
=
{
ρ ′a0xi , if a0 ∈ {x2, . . . ,xm}
ρa0xi , otherwise, since ρa0x1 = 0.
Hence, A¯=

1 − ρx1x2ρ(x1) . . . −
ρx1xl
ρ(x1)
0 . . . 0
ρa0x1
ρ(x1)
0 ρ ′(x2) . . . −ρ ′x2xl −ρx2xm+1 . . . −ρx2xn−k−1 ρ ′a0x2
. . . . . . . . . . . . . . . . . . . . . . . .
0 −ρ ′x2xl . . . ρ ′(xl) −ρxlxm+1 . . . −ρxlxn−k−1 ρ ′a0xl
0 −ρx2xm+1 . . . −ρxlxm+1 ρ(xm+1) . . . −ρxm+1xn−k−1 ρa0xm+1
. . . . . . . . . . . . . . . . . . . . . . . .
0 −ρx2xn−k−1 . . . −ρxlxn−k−1 −ρxm+1xn−k−1 . . . ρ(xn−k−1) ρa0xn−k−1


,
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Therefore, we can eliminate the variable v(x1) from the Dirichlet problem, chang-
ing admittances as in the statement of the theorem. 
Corollary 5. Under the star-mesh transform of the network the effective impedance
and effective admittance do not change.
Proof. In the proof we will use the notations from the proof of the Theorem 4.
The case {x1, . . . ,xm}∩B0 = /0 is trivial. The cases, when {x1, . . . ,xm}∩B = /0
or {x1, . . . ,xm}∩{a0}= /0 are obvious, due to (4).
Otherwise, we can assume, without loss of generality, that
(6) xm− j = a j, j = 0, |{x1, . . . ,xm}∩B0|,
in particular, xm = a0. Then, if we denote the new network by Γ
′ we have by (4)
Pe f f (Γ) =−∆ρv(a0) = ∑
x6=a0
(1− v(x))ρxa0
=(1− v(x1))ρx1a0 +
m−1
∑
i=2
(1− v(xi))ρxia0 + ∑
x6∈{x1,...,xm}
(1− v(x))ρxa0
=Pe f f (Γ
′)−
m−1
∑
i=2
(1− v(xi))ρ ′xia0 +(1− v(x1))ρx1a0 +
m−1
∑
i=2
(1− v(xi))ρxia0
=Pe f f (Γ
′)−
m−1
∑
i=2
(1− v(xi))ρx1a0ρx1xi
ρ(x1)
+ (1− v(x1))ρx1a0
=Pe f f (Γ
′)−
m−1
∑
i=2
(1− v(xi))ρx1a0ρx1xi
ρ(x1)
+
(
1−
m−1
∑
i=2
v(xi)
ρx1xi
ρ(x1)
− ρx1a0
ρ(x1)
)
ρx1a0
=Pe f f (Γ
′)−ρx1a0
m−1
∑
i=2
(1− v(xi)) ρx1xi
ρ(x1)
+
(
1−
m−1
∑
i=2
v(xi)
ρx1xi
ρ(x1)
− ρx1a0
ρ(x1)
)
ρx1a0
=Pe f f (Γ
′)−ρx1a0
(
m−1
∑
i=2
ρx1xi
ρ(x1)
−
m−1
∑
i=2
v(xi)
ρx1xi
ρ(x1)
)
+
(
1−
m−1
∑
i=2
v(xi)
ρx1xi
ρ(x1)
− ρx1a0
ρ(x1)
)
ρx1a0
=Pe f f (Γ
′)−ρx1a0
(
1− ρx1xm
ρ(x1)
−
m−1
∑
i=2
v(xi)
ρx1xi
ρ(x1)
)
+
(
1−
m−1
∑
i=2
v(xi)
ρx1xi
ρ(x1)
− ρx1a0
ρ(x1)
)
ρx1a0
=Pe f f (Γ
′)
since
ρ(x1) =
m
∑
i=2
ρx1xi and v(x1) =
l
∑
i=2
v(xi)
ρx1xi
ρ(x1)
+
ρx1a0
ρ(x1)
=
m−1
∑
i=2
v(xi)
ρx1xi
ρ(x1)
+
ρx1a0
ρ(x1)
(see the first line of A¯ and note that v(x j) = 0 for all j = j+1,m−1 and a0 =
xm). 
Series law and Y −∆ transform are just particular cases of star-mesh transform.
Since multigraphs are not allowed in this paper, we will use a modification of
parallel law and call it parallel-series law.
Corollary 6. (Series law) Let Γ = (V,ρ ,a0,B) be a finite network, B0 = B∪{a0}.
Let a,b,c ∈V are such, that
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(1) b 6∈ B0,
(2) a 6∼ c, a∼ b, b∼ c,
(3) b 6∼ x for all x 6∈ {a,c}.
If one removes the vertex b, edges (a,b),(b,c) and add the edge (a,c) with the
addmittance
ρ ′ac =
ρabρac
ρab+ρac
,
not changing other admittances, then for the new network the solution of the Dirich-
let problem (2) for all the vertices will be the same as the solution of the Dirich-
let problem (2) on the original network at corresponding vertices. The effective
impedance (admittance) of the new network coincides with the effective impedance
(addmittance) of the original one.
Remark 7. The corresponding equation for impedances is then
z′ac = zab+ zac,
which corresponds to the well-known physical series law.
a b c
zab zbc
a c
z′ac = zab+ zbc
FIGURE 2. Series law
Proof. Apply Theorem 4 and Corollary 5 (x1 = b) for the case m = 3 and ρac =
0. 
Corollary 8. (Parallel-series law) Let Γ = (V,ρ ,a0,B) be a finite network, B0 =
B∪{a0}.
Let a,b,c ∈V are such, that
(1) b 6∈ B0,
(2) a∼ b,b∼ c,a ∼ c,
(3) b 6∼ x for all x 6∈ {a,c}.
Then if one removes the vertex b, edges (a,b),(b,c) and add the edge (a,c) with
the admittance
ρ ′ac =
ρabρbc
ρab+ρbc
+ρac,
not changing other admittances, then for the new network the solution of the Dirich-
let problem (2) for all the vertices will be the same as the solution of the Dirich-
let problem (2) on the original network for corresponding vertices. The effective
impedance (admittance) of the new network coincides with the effective impedance
(admittance) of the original one.
Remark 9. The corresponding equation for impedances is then
1
z′ac
=
1
zab+ zbc
+
1
zac
which corresponds to the application of the physical series law and then the physi-
cal parallel law.
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a
b
c
zab zbc
zac
a c
z′ac
FIGURE 3. Parallel-series law
Proof. Apply Theorem 4 and Corollary 5 (x1 = b) for the case m= 3. 
Theorem 10. (Y −∆ transform) Let Γ = (V,ρ ,a0,B) be a finite network, B0 =
B∪{a0}. Let a,b,c,d ∈V are such, that
(1) d 6∈ B0,
(2) d ∼ a,d ∼ b,d ∼ c,
(3) d 6∼ x for all x 6∈ {a,b,c}.
If one removes the vertex d, edges (d,a),(d,b),(d,c) and set
ρ ′ab =
ρdaρdb
ρda+ρdb+ρdc
+ρab,
ρ ′bc =
ρdbρdc
ρda+ρdb+ρdc
+ρbc,
ρ ′ac =
ρdaρdc
ρda+ρdb+ρdc
+ρac,
(7)
not changing other admittances, then for the new network the solution of the Dirich-
let problem (2) for all the vertices will be the same as the solution of the Dirichlet
problem (2) on the original network for the corresponding vertices. The effective
impedance (admittance) of the new network coincides with the effective impedance
(admittance) of the original one.
Remark 11. The corresponding equalities for the impedances are
z′ab =
zdc
zdazdb+ zdbzdc+ zdazdc
+
1
zab
,
z′bc =
zda
zdazdb+ zdbzdc+ zdazdc
+
1
zbc
,
z′ac =
zdb
zdazdb+ zdbzdc+ zdazdc
+
1
zac
.
(8)
From the physical point of view, if ρab,ρbc,ρac are all equal to zero, then it is just
Y −∆ transform, otherwise, it is Y −∆ transform and the parallel law.
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a
b
c
d
zda
zdb
zdc
zab zbc
zac
a
b
c
z′ab z
′
bc
z′ac
FIGURE 4. Y −∆ transform
Proof. Theorem 4 and Corollary 5 (x1 = d) for the case m= 4. 
The Y −∆ transform is invertible. In general, it is not the case for star-mesh
transform.
Theorem 12. (∆−Y transform) Let Γ′ = (V ′,ρ ′,a0,B) be a finite network and let
a,b,c ∈V are such, that a ∼ b,b ∼ c, and a ∼ c. If one add a vertex d and edges
(d,a),(d,b),(d,c) setting
ρda =
ρ ′acρ ′bc+ρ
′
acρ
′
ab+ρ
′
abρ
′
bc
ρ ′bc
,
ρdb =
ρ ′acρ ′bc+ρ
′
acρ
′
ab+ρ
′
abρ
′
bc
ρ ′ac
,
ρdc =
ρ ′acρ ′bc+ρ
′
acρ
′
ab+ρ
′
abρ
′
bc
ρ ′ab
,
and remove the edges (a,b),(b,c),(a,c) not changing other admittances, then for
the new network
Γ = (V ∪{d},ρ ,a0,B),
the solution of the Dirichlet problem (2) for any vertex in V will be the same as the
solution of the Dirichlet problem (2) on the original network for the corresponding
vertex. Moreover, the effective impedance and effective admittance do not change
under this transform.
Remark 13. The corresponding equalities for the impedances are
zda =
z′abz
′
ac
z′ab+ z
′
bc+ z
′
ac
,
zdb =
z′abz
′
bc
z′ab+ z
′
bc+ z
′
ac
,
zdc =
z′bcz
′
ac
z′ab+ z
′
bc+ z
′
ac
.
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a
b
c
z′ab z
′
bc
z′ac
a
b
c
d
zda
zdb
zdc
FIGURE 5. ∆−Y transform
Proof. To prove the theorem it is enough to express ρda, ρdb and ρdc from (7),
assuming ρab = 0, ρbc = 0, and ρac = 0. Summing up the inverses of all three
equations one obtains
1
ρ ′ab
+
1
ρ ′bc
+
1
ρ ′ac
=
(ρab+ρbc+ρac)
2
ρdaρdbρdc
Since both sides are strictly positive, the last equation is equivalent to
(9)
ρ ′abρ
′
bcρ
′
ac
ρ ′abρ
′
bc+ρ
′
bcρ
′
ac+ρ
′
abρ
′
ac
=
ρdaρdbρdc
(ρab+ρbc+ρac)2
Multiplying the both sides of the last equation by
1
ρ ′abρ ′ac
=
(ρab+ρbc+ρac)
2
ρ2daρdbρdc
,
which follows from (7), we get
ρ ′bc
ρ ′abρ
′
bc+ρ
′
bcρ
′
ac+ρ
′
abρ
′
ac
=
1
ρda
.
Then the equation for ρda follows. To obtain the equations for ρdb and ρdc one
should multiply (9) by 1ρ ′abρ
′
bc
and 1ρ ′acρ ′bc
respectively.
The fact that effective impedance and effective admittance do not change follows
from Theorem 10. 
Remark 14. All described in this section transforms preserve the positivity of
admittances and impedances on the edges.
3. EFFECTIVE IMPEDANCE OF INFINITE NETWORKS OVER AN ORDERED FIELD
3.1. Infinite networks with zero potential on infinity. Let Γ = (V,ρ ,a0,B) be
an infinite network over an ordered field (K,≻). Let us consider the sequence of
finite graphs (Vn, ρ |Vn), where Vn = {x ∈V | dist(a0,x)≤ n}, n ∈ N.
We denote by
∂Vn = {x ∈V | dist(a0,x) = n}
the boundary of the graph (Vn, ρ |Vn). Note that Vn+1 = ∂Vn+1∪Vn.
Let us denote Bn = B∩Vn. Then
Γn = (Vn, ρ |Vn ,a0,Bn∪∂Vn),n ∈ N
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is a sequence of finite networks exhausted the infinite network Γ.
This is an analogue to the approach to infinite networks in [8].
Let us consider the Dirichlet problem (2) on each Γn:
(10)


∑y:y∼x(v(n)(y)− v(n)(x))ρxy = 0 on Vn \ (∂Vn∪Bn∪{a0}),
v(n)(x) = 0 on ∂Vn∪Bn.
v(n)(a0) = 1,
Theorem 15.
(11) Pe f f (Γn+1)Pe f f (Γn).
Proof. By Dirichlet/Thomsons principle [11] we have
(12) Pe f f (Γn+1) 1
2
∑
x,y∈Vn+1
(∇xy f )
2ρxy
for any f :Vn+1 → K such that f (a0) = 1, f |∂Vn+1∪Bn+1 ≡ 0.
Since (Vn+1 \∂Vn+1) =Vn and Bn+1∩Vn = Bn, the inequality (12) is true for
f (x) =
{
v(n)(x), if x ∈Vn,
0, if x ∈ ∂Vn+1,
where v(n) is the solution of (10) for Γn. Then
1
2
∑
x,y∈Vn+1
(∇xy f )
2ρxy =
1
2
∑
x,y∈Vn
(∇xy f )
2ρxy+
1
2
∑
x,y∈∂Vn+1
(∇xy f )
2ρxy
=Pe f f (Γn)+0.
The last equality, together with (12), gives us (11). 
Remark 16. Even in a Cauchy complete non-Archimedean ordered field inequal-
ities (11) for all n ∈ N do not imply, that the sequence {Pe f f (Γn)}∞n=1 converges.
Obviously, if the sequence of effective admittances of finite networks converges,
then the corresponding sequence of the effective impedances also has a limit (finite
or infinite).
Definition 17. If for given infinite network Γ the limit of effective admittances
(impedances) of exhausted finite networks exists in K, we call it effective admit-
tance (impedance) of the network Γ with zero potential at infinity and denote it by
Pe f f (Γ) (Ze f f (Γ)).
3.2. Examples: ladder networks over Levi-Civita field. In this subsection we
will investigate the behavior of the sequence {Pe f f (Γαβn )}∞n=1 of effective ad-
mittances of finite networks exhausted the ladder network (αβ -network) at the
Figure 6 (α ,β ∈ K, α ,β ≻ 0). More precisely, αβ -network is a network Γαβ =
{V,ρ ,a0,B}, where
• V = {a0,a1,a2, . . . ,x1,x2, . . .},
• ρa0x1 = α , ρxixi+1 = α ,ρaixi = β , i ∈ N, and ρxy = 0,otherwise,
• B= {a0,a1,a2, . . .}.
This network is similar to Feynman’s ladder network and CL-network (see [6],
[15]), but has zero potential at infinity. Therefore, for any ordered field K the
Theorem 15 is true for this network. We will show (Theorem 20 and Example 23)
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that whether {Pe f f (Γn)}∞n=1 converges in Cauchy completness of K depends on α
and β .
a1 a2 ak an
a0 x1 x2 xk xn
α α α
β β β β
FIGURE 6. αβ -network
3.2.1. Finite ladder network over ordered field. Let Γn be a sequence of finite
networks exhausted an αβ -network (see Figure 7).
a1 a2 ak an−1
a0 x1 x2 xk xn−1 xn
α α α
β β β β
FIGURE 7. Finite ladder network
The Dirichlet problem (2) for this network is the following
(13)


αv(a0)+βv(a1)+αv(x2)− (2α +β )v(x1) = 0,
αv(xi−1)+βv(ai)+αv(xi+1)− (2α +β )v(xi) = 0 for i= 2,n−1,
v(xn) = 0,
v(ai) = 0 for i= 1,n−1,
v(a0) = 1,
Using the second line in (13) we obtain the following recurrence relation for
v(xi), i= 2,n−1
(14) v(xi+1)−
(
2+
β
α
)
v(xi)+ v(xi−1) = 0
since v(ai) = 0 for i= 2,n−1. The characteristic polynomial of (14) is
(15) ψ2−
(
2+
β
α
)
ψ +1= 0.
Its roots are
ψ1,2 = 1+
β
2α
±ξ ,
where
(16) ξ =
√
β
α
+
(
β
2α
)2
.
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Note that ξ should not necessary belong to K. It is known, that any ordered field
posses a real-closed (or maximal ordered) extension K. Then in K exists exactly
one positive square root of
β
α +
(
β
2α
)2
([3]). Therefore, we fix the extension K,
denote the positive square root by ξ , and make all the further calculations in K.
The solution of the recurrence equation (14) is
(17) v(xi) = c1ψ
i
1+ c2ψ
i
2,
where c1,c2 ∈ K are arbitrary constants.
We use first and third equations in (13) as boundary conditions for this recur-
rence equation. Substituting (17) in the boundary conditions we obtain the follow-
ing equations for the constants:{
1+ c1ψ
2
1 + c2ψ
2
2 −
(
2+ βα
)
(c1ψ1+ c2ψ2) = 0,
c1ψ
n
1 + c2ψ
n
2 = 0,
which, by (15) is equivalent to{
c1+ c2 = 1,
c1ψ
n
1 + c2ψ
n
2 = 0.
Therefore, 

c1 =
1
1−ψ2n1
,
c2 =
1
1−ψ2n2
=
−ψ2n1
1−ψ2n1
,
since ψ1ψ2 = 1 by (15).
Now we can calculate the effective admittance of Γn:
(18)
Pe f f (Γn)=α (1− v(x1))=α (1− c1ψ1− c2ψ2)=
α
((
1+ β
2α +ξ
)2n−1
+1
)(
β
2α +ξ
)
(
1+ β
2α +ξ
)2n
−1
.
Since Pe f f (Γn) is an element of K as the solution of the Dirichlet problem (2)
over K, it can be written without ξ :
Pe f f (Γn) =α (1− c1ψ1− c2ψ2) = α
(
1− ψ1
1−ψ2n1
− ψ2
1−ψ2n2
)
=α
(
1− ψ1
(
1−ψ2n2
)
+ψ2
(
1−ψ2n1
)(
1−ψ2n1
)(
1−ψ2n2
)
)
= α
(
1− ψ1+ψ2−
(
ψ2n−12 +ψ
2n−1
1
)
2− (ψ2n1 +ψ2n2 )
)
=α

1−
2+ βα −2∑n−1k=0
(
2n−1
2k
)(
1+ β
2α
)2n−2k−1(
β
α +
(
β
2α
)2)k
2−2∑nk=0
(
2n
2k
)(
1+ β
2α
)2n−2k(
β
α +
(
β
2α
)2)k

 ,
where in the last line we have used binomial expansion.
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3.2.2. Infinite ladder networks over Levi-Civita field R. We will consider two ex-
amples of αβ -network over Levi-Civita field R. Firstly, let us describe the Levi-
Civita field R. We take the definition of R and theorems about its properties from
[2] and [12].
Definition 18. A subsetM of the rational numbersQ is called left-finite if for every
r ∈Q there are only finitely elements of M that are smaller than r.
Then the Levi-Civita field is the set of all real valued functions on Q with left-
finite support with the following operations:
• addition is defined component-wise
(α +β )(q) = α(q)+β (q),
• multiplication is defined as follows
(α ·β )(q) = ∑
qα ,qβ∈Q,
qα+qβ=q
α(qα ) ·β (qβ ).
It is proved in [2], that R is an ordered field with a set of positive elements
(19) R+ = {α ∈R|α(min{q ∈Q | α(q) 6= 0})> 0}.
We denote by τ the following element in R:
(20) τ(q) =
{
1, if q= 1,
0, otherwise,
which plays role of infinitesimal in Levi-Civita field. Therefore, the Levi-Civita
field is non-Archimedean.
By [2] we can write any α ∈R as
(21) α =
∞
∑
i=1
α(qi)τ
qi ,
since αn = ∑
n
i=1 α(qi)τ
qi converges strongly to the limit α in the order topology.
The set of all polynomials over real numbers R[τ ] = {anτn+ . . .a1τ +a0 | ai ∈
R,n ∈ N} is a subring of Levi-Civita field R due to (21). Therefore, since R is a
field, the field of rational functions over real numbers
(22)
R(τ) =
{
∑ni=k aiτ
i
∑mi=l biτ
i
=
akτ
k+ak+1τ
k+1+ · · ·+anτn
blτ l+bl+1τ l+1+ · · ·+bmτm | ai,bi ∈ R,n,m,k, l ∈ N0
}
is isomorphic to a subfield of R.
Example 19. Let us find the element in R which corresponds to the rational func-
tion 1
τ2−4τ+3 , i. e. we should find the sequences {qi} ∈ Q and {α(qi)} ∈ R such
that
(
3−4τ + τ2)
(
∑
qi
α(qi)τ
qi
)
= 1.
Comparing the coefficients at powers of τ at right hand side and left hand side,
starting from the lowest power, one obtains
q1 = 0,α(q1) =
1
3
,
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q2 = 1,α(q2) =
4
9
,
and the recurrence relation
qi = qi−1+1,3α(qi)−4α(qi−1)+α(qi−2) = 0 for i> 2.
Therefore, solving the recurrence relation for α(qi) we obtain
α(qi) =− 1
2 ·3i +
1
2
and
1
3−4τ + τ2 = ∑
i∈N
(
− 1
2 ·3i +
1
2
)
τ i−1.
Note, that the corresponding order in the field R(τ) is the following:
(23)
akτ
k+ak+1τ
k+1+ · · ·+anτn
blτ l+bl+1τ l+1+ · · ·+bmτm ≻ 0 if
ak
bl
> 0.
Therefore, we can consider Levi-Civita field R as an ordered extension of the
ordered field R(τ) with the positiveness defined as (23). To consider R as an
ordered extension of the ordered field R(τ) with the positiveness defined in [11]
we make a substitution
(24) τ =
1
λ
.
Consequently, we can consider electrical networks over field of rational numbers
[11], as networks over Levi-Civita field and investigate the behavior of the se-
quence of effective admittances of finite electrical networks. By [2] the Levi-Civita
field is Cauchy complete in order topology and real-closed.
From the physical point of view we have the following impedances of passive
elements
• (Liω)−1 = L−1τ , L> 0 for the coil,
• (Ciω) =Cτ−1,C > 0 for the capacitor,
• R> 0 for the resistor,
where ω is a frequency of the alternating current (see [11]).
Let us consider the Feynman’s infinite ladder LC-network, assuming that it has
zero potential at infinity. It is an αβ -network with α = L−1τ , β = Cτ−1, where
L,C > 0, α ,β ∈R.
Theorem 20. For the Feynman’s ladder LC-network (α = L−1τ , β =Cτ−1, where
L,C > 0) with zero potential at infinity
(25) Pe f f (Γn)→ ββ
2α +ξ
as n→ ∞
in the order topology of Levi-Civita field R, where Γn is the sequence of the ex-
hausted finite networks
Remark 21. For the Feynman’s ladder LC-network
β
β
2α +ξ
=

 C
2τ
− τ
L
√
CL
τ2
+
(
CL
2τ2
)2
and the motivation for this quantity was Feynman’s impedance for infinite ladder
LC-network (see [6, 22-13]).
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Proof. Firstly, we should write ξ as an element of Levi-Civita field, i. e. as power
series (21).
ξ =
√
CL
τ2
+
(
CL
2τ2
)2
=
CL
2τ2
√
4τ2
CL
+1=
CL
2τ2
∞
∑
k=0
(
1
2
k
)(
4τ2
CL
)k
=
CL
2τ2
·1+ CL
2τ2
· 1
2
· 4τ
2
CL
− 1
8
· CL
2τ2
·
(
4τ2
CL
)2
+o
(
τ2
)
=
CL
2
τ−2+1− τ2+o(τ2) .
Note that here and further o(τm), where m ∈ Z means ∑∞k=m+1 akτk,ak ∈ R.
Let us calculate the difference Pe f f (Γn)− ββ
2α +ξ
.
Pe f f (Γn)− ββ
2α +ξ
=
α
(
β
2α +ξ
)((
1+ β
2α +ξ
)2n−1
+1
)
(
1+ β
2α +ξ
)2n
−1
− β
β
2α +ξ
=
α
(
β
2α +ξ
)2((
1+ β
2α +ξ
)2n−1
+1
)
−β
((
1+ β
2α +ξ
)2n
−1
)
((
1+ β
2α +ξ
)2n
−1
)(
β
2α +ξ
)
The nominator A of the last expression is
A=α
((
1+
β
2α
+ξ
)2n−1
+1
)(
β
2α
+ξ
)2
−β
((
1+
β
2α
+ξ
)2n
−1
)
=α (D+1)
(
β
2α
+ξ
)2
−β
((
1+
β
2α
+ξ
)
D−1
)
,
where D=
(
1+ β
2α +ξ
)2n−1
.
Since(
β
2α
+ξ
)2
=
β 2
4α2
+
β
α
ξ +ξ 2 =
β 2
2α2
+
β
α
+
β
α
ξ =
β
α
(
β
2α
+1+ξ
)
and
ξ 2 =
β
α
+
β 2
4α2
,
we have
A=α (D+1)
β
α
(
β
2α
+1+ξ
)
−β
((
1+
β
2α
+ξ
)
D−1
)
=D ·0+2β + β
2
2α
+βξ = 2α
(
β
α
+
β 2
4α2
+
β
2α
ξ
)
=2α
(
ξ 2+
β
2α
ξ
)
= 2αξ
(
ξ +
β
2α
)
.
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Therefore,
(26) Pe f f (Γn)− ββ
2α +ξ
=
2αξ(
1+ β
2α +ξ
)2n
−1
.
The right hand side of the last expression is, obviously, positive in (R,≻), therefore∣∣∣∣∣Pe f f (Γn)− ββ
2α +ξ
∣∣∣∣∣= 2αξ((
1+ β
2α +ξ
)2n
−1
)
=
2τξ
L
((
1+ CL
2τ2
+ξ
)2n−1)
=
CLτ−1+2τ−2τ3+o(τ3)
L
((
CLτ−2+2− 1
CL
τ2+o(τ2)
)2n−1)
=
CLτ−1+2τ− 2
CL
τ3+o
(
τ3
)
L(CLτ−2)2n+o(τ−4n−2)
=
(
Cτ−1+o
(
τ−1
))( 1
(CL)2n
τ4n+o
(
τ4n+2
))
=
C
(CL)2n
τ4n−1+o
(
τ4n−1
)→ 0,
when n→ ∞. 
Remark 22. From the proof one can see that (25) is true for αβ -network whenever
for any γ ∈R exists N0 ∈ N such that n> N0 implies
(
β
α
)n
≻ γ .
Example 23. For the CL-network (α = Cτ−1, β = L−1τ , L,C > 0) effective ad-
mittances of the exhausted finite networks do not converge in the Levi-Civita field
R.
Proof. In this case ξ = τ√
CL
+
(
τ
2
√
CL
)3
+o(τ3). Let us prove, that {P(Γn)}∞n=1 is
not a Cauchy sequence in R. Indeed
P(Γn+1)−P(Γn)
=
α
(
β
2α +ξ
)((
1+ β
2α +ξ
)2n+1
+1
)
(
1+ β
2α +ξ
)2n+2
−1
−
α
(
β
2α +ξ
)((
1+ β
2α +ξ
)2n−1
+1
)
(
1+ β
2α +ξ
)2n
−1
=α
(
β
2α
+ξ
)
(
1+ β
2α +ξ
)2n+1
+1(
1+ β
2α +ξ
)2n+2
−1
−
(
1+ β
2α +ξ
)2n−1
+1(
1+ β
2α +ξ
)2n
−1


Since
ψ1 = 1+
β
2α
+ξ = 1+
τ√
CL
+o
(
τ1
)
,
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we can rewrite
P(Γn+1)−P(Γn) = α
(
β
2α
+ξ
)(
ψ2n+11 +1
ψ2n+21 −1
− ψ
2n−1
1 +1
ψ2n1 −1
)
=α
(
β
2α
+ξ
) (
ψ2n+11 +1
)(
ψ2n1 −1
)− (ψ2n−11 +1)(ψ2n+21 −1)(
ψ2n+21 −1
)(
ψ2n1 −1
)
=Cτ−1
(
τ√
CL
+o
(
τ1
)) (ψ2n+11 +1)(ψ2n1 −1)− (ψ2n−11 +1)(ψ2n+21 −1)(
ψ2n+21 −1
)(
ψ2n1 −1
)
Substituting (
ψ2n+11 +1
)(
ψ2n1 −1
)− (ψ2n−11 +1)(ψ2n+21 −1)
=
(
2+
τ√
CL
(2n+1)+o
(
τ1
))( τ√
CL
(2n)+o
(
τ1
))
−
(
2+
τ√
CL
(2n−1)+o(τ1))( τ√
CL
(2n+2)+o
(
τ1
))
=−4 τ√
CL
+o
(
τ1
)
and (
ψ2n+21 −1
)(
ψ2n1 −1
)
=
(
τ√
CL
(2n+2)+o
(
τ1
))( τ√
CL
(2n)+o
(
τ1
))
=
τ2
CL
(4n2+4n)+o
(
τ2
)
we obtain
P(Γn+1)−P(Γn)
=
(
C√
CL
+0(τ0)
)(
−4 τ√
CL
+o
(
τ1
))( CL
4n2+4n
τ−2+o
(
τ−2
))
=
−4C
4n2+n
τ−1+o
(
τ−1
)≻ τ for any n ∈ N and for any L,C > 0.
Therefore, {P(Γn)}∞n=1 is not a Cauchy sequence in R. 
Therefore, the following question:
Under what conditions the effective admittance of infinite network
over non-Archimedean field could be defined?
remains open. Note, that Remark 22 gives some sufficient condition for αβ -
network.
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